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We examine the drift instability of a magnetized 2D electron plasma in a weak peri-
odic potential, taking account of a steady current. In this, we treat a strong magnetic
ﬁeld inducing Landau quantization, and analyze both the inter- and intra-Landau band
aspects of the magneto-plasmon spectrum within the framework of the random phase
approximation, determining the occurrence of magnetoplasmon instability as a function
of drift speed.
1. Introduction
The subjects of commensurability oscillations in the 2D magnetoplasmon spectrum
with a weak periodic modulation and of plasmon instability due to a drift current have
enjoyed long-term interest in the ﬁeld of low dimensional/semiconductor physics [1–5]. In
the present paper we address these two interesting topics jointly to explore drift induced
instability in the magneto-plasmon spectrum of a density modulated two-dimensional
electron gas (DM2DEG). The modulation considered originates in the weak potential
function
V (x) = V0 cos
(
2π
a
x
)
, (1)
(a is the modulation period) which we treat in perturbation theory obtaining approximate
single particle Landau-quantized energies, εn,ky , to ﬁrst order in V0 as [5]
εn,ky = ÿωc
(
n +
1
2
)
+ Vn cos
(
2π
a
x0
)
, (2)
with
x0 = −l2ky = − ÿkymωc , (3)
Vn = V0e
−X/2Ln (X) , (4)
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and ωc = eB/m is the cyclotron frequency, V0 represents the modulation potential
strength taken about an order of magnitude smaller than the Fermi energy EF , X =(
2π
a
)2 ÿ
2mωc
and Ln (X) is a Laguerre polynomial. The quantity of central interest in the
description of the plasmon density response is the “ring” diagram, Π (q¯, ω) (q¯ =(qx, qy)
is a 2D wavevector), given by
Π (q¯, ω) =
1
A
∑
n,n′,ky
Cnn′
(
ÿq¯2
2mωc
)
f
(
εn′,ky−qy
)− f (εn,ky)
εn′,ky−qy − εn,ky + ÿω + iη
, (5)
where the coeﬃcients Cnn′ are
Cnn′ (x) =
n2!
n1!
e−xxn1−n2
[
Ln1−n2n2 (x)
]2
, (6)
with n1 = max (n, n
′), n2 = min (n, n′) and Ln
′
n (x) an associated Laguerre polynomial.
2. Drift
To examine the role of a steady current with drift velocity, vdr = ÿkdr/m, we employ
a drifted equilibrium distribution f
(
εn′,ky−qy
) → f (εn′,ky−qy−kdr) in Π given by Eq. (5)
with a shift of the ky integration variable, Ky = ky − kdr, resulting in a modiﬁcation of Π
described by
Π (q¯, ω) =
1
A
∑
n,n′,Ky
Cnn′
(
ÿq¯2
2mωc
)
f
(
εn′,Ky−qy
)− f (εn,Ky)
εn′,Ky+kdr−qy − εn,Ky+kdr + ÿω + iη
. (7)
Alternatively, this can be written in the form
Π (q¯, ω) = Π+ (q¯, ω) + Π− (q¯, ω) , (8)
with
Π± (q¯, ω) =
mωc
πaÿ
∑
n,n′
Cnn′
(
ÿq¯2
2mωc
)∫ a
0
dx0
f (ε (n, x0))
ε (n, x0 ± xdr)− ε (n′, x0 + x′0 ± xdr)± ÿω ± iη
,(9)
where x′0 = −ÿqy/mωc and we have converted the ky-sum into an x0-integral,
1
A
∑
ky
· · · → mωc
πaÿ
∫ a
0
dx0, (10)
and xdr = −ÿkdr/mωc in conformance with Eq. (3). Also, εn,ky ⇒ ε (n, x0) = ÿωc
(
n + 1
2
)
+
Vn cos
(
2π
a
x0
)
.
The real and imaginary parts of Π (q¯, ω) = Π1 (q¯, ω)+ iΠ2 (q¯, ω) are given, respectively,
by
Π1 (q¯, ω) = Π1,+ (q¯, ω) + Π1,− (q¯, ω)
=
mωc
πaÿ
∑
n,n′
Cnn′
(
ÿq¯2
2mωc
)[
I
(n,n′)
1 (ω, xdr) + I
(n,n′)
1 (−ω,−xdr)
]
, (11)
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with (℘ denotes the principal part integral)
I
(n,n′)
1 (ω, xdr) = ℘
∫ a
0
dx0
f (ε (n, x0))
ÿω + ε (n, x0 + xdr)− ε (n′, x0 + x′0 + xdr)
, (12)
and
Π2 (q¯, ω) = Π2,+ (q¯, ω) + Π2,− (q¯, ω)
=
mωc
aÿ
∑
n,n′
Cnn′
(
ÿq¯2
2mωc
)[
I
(n,n′)
2 (ω, xdr)− I(n,n
′)
2 (−ω,−xdr)
]
, (13)
with
I
(n,n′)
2 (ω, xdr) =
∫ a
0
dx0 f (ε (n, x0)) δ (ÿω + ε (n′, x0 + x′0 − xdr)− ε (n, x0 − xdr)) . (14)
3. Plasmon Dispersion and Drift Instability
The drifted plasmon dispersion relation is given by
1 + vc (q¯)Π1 (q¯, ω) = 0, (15)
with vc (q¯) = 2πe
2/ (κq¯) as the Coulomb potential in this two dimensional system. Ex-
pansion of I
(n,n′)
1 of Eq. (12) to ﬁrst order in the weak potential V (x)→ Vn involves
I
(n,n′)
1 (ω, xdr)
∼= 1ÿω −Δnn′
∫ a
0
dx0 f
(
εn + Vn cos
(
2π
a
x0
))
×
(
1− Vn
ÿω −Δnn′ cos
2π
a
(x0 + xdr)
+
Vn′
ÿω −Δnn′ cos
2π
a
(x0 + x
′
0 + xdr)
)
, (16)
jointly with
f (ε (n, x0)) ' f (εn) + Vnf ′ (εn) cos 2π
a
x0, (17)
where Δnn′ = εn′ − εn = (n′ − n) ÿωc. It is important to note that there are two classes
of terms involved in Π1 (q¯, ω): inter-Landau-band contributions with n 6= n′, and intra-
Landau-band contributions having n = n′. Since Vn is weak compared to Δnn′ À Vn in
these considerations, the leading term of I
(n,n′)
1 (ω, xdr) is of order V
0
n ∼ 1, independent
of Vn. (While there is a correction of order Vn in the expansion of I
(n,n′)
1 (ω, xdr), it is
negligible because of its relatively large inter-Landau-band energy denominator.) With
this recognition, it is clear that the dominant behavior of the inter-Landau-band part of
Π1 (q¯, ω) does not at all involve the weakly perturbative potential function of Eq. (1), and
is simply given by the usual expression [5]
Πinter1 (q¯, ω) =
mωc
πaÿ
∑
n,n′
Cnn′
(
ÿq¯2
2mωc
)
2aΔnn′f (εn)
(ÿω)2 −Δ2nn′
. (18)
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On the other hand, the intra-Landau-band contributions with n = n′ lead with terms
of order Vn, and these terms are not reduced by a relatively large energy denominator
(unlike the case of the inter-Landau-band contributions). Thus, we take account of the
leading term as (degenerate limit T = 0)
Πintra1 (q¯, ω) = −
4mωc
πaÿ
sin
(
π
a
x′0
)
(ÿω)2
cos
(
2π
a
xdr
)
×
∑
n
Cnn
(
ÿq¯2
2mωc
)
Vn
∫ a
0
dx0 f (ε (n, x0)) sin
(2π
a
(
x0 +
1
2
x′0
))
. (19)
Correspondingly, the drifted magnetoplasmon dispersion relation may be obtained for
low wavenumbers in the form
1 =
ω2p,2D
ω2 − ω2c
+
ω˜2
ω2
, (20)
where ω˜2 is given by
ω˜2 =
8e2mωc
κπÿ3q¯
sin2
(π
a
x′0
)
cos
(
2π
a
xdr
)∑
n
|Vn|
√
1− Γ2n θ(1−Δn) , (21)
and Γn =
∣∣∣ εF−εnVn ∣∣∣, with εF as the Fermi velocity and θ (x) is the Heaviside unit step
function.
The two plasmon roots of Eq. (20) are
ω2+ = ω
2
c + ω
2
p,2D +
ω˜2ω2p,2D
ω2c + ω
2
p,2D
;
ω2− =
ω˜2ω2c
ω2c + ω
2
p,2D
. (22)
Inspection of ω˜2, particularly the factor cos
(
2π
a
xdr
)
, shows that it is negative when
π
2
<
2π
a
vdr
ωc
<
3π
2
, (23)
which deﬁnes the regime of drift instability (ω2± < 0) in the commensurability-corrected
magnetoplasmon spectrum.
4. Conclusions
Our results in Eq. (22) show that the usual two dimensional local longitudinal mag-
netoplasmon is split into two distinct modes by commensurability oscillations and that
instability by drift occurs under the conditions of Eq. (23). Such instability is a clear
consequence in ω2− due to the negativity of ω˜
2. However, this negativity does not render
ω2+ unstable; it provides only a small diminution of the principal, local, longitudinal 2D
magnetoplasmon, ω ∼
√
ω2c + ω
2
p,2D.
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Figure 1. Plot of the lower mode ω− as a function of 1/B for qdr = 0.25kF .
Figure 2. Plot of the lower mode ω− in the undrifted case as a function of 1/B.
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We have numerically computed the lower mode as a function of inverse magnetic ﬁeld.
The envelop oscillation is due to the periodicity of the modulated potential and the sharp
SdH type oscillations are due to the θ(1−Δn) factors. In our numerical work we have
taken n2D = 3.16 × 1015 m−2, m = 0.07me with me the electron mass, a = 382 nm,
V0 = 1.0 meV, and qx = 0. In Fig. 1 we plot the lower mode ω− as a function of 1/B for
two diﬀerent values of qy and for qdr = 0.25kF where kF =
√
2πn2D. As the magnetic ﬁeld
decreases the amplitude of the lower mode decreases for larger wavenumber q = qy, and
an instability region appears for 1/B ' 4.10. For comparison, in Fig. 2 we plot the lower
mode in the case of no drift for the same parameter values as in Fig. 1. In Fig. 3 we plot
the lower mode ω− as a function of 1/B for the same two values of qy but for qdr = 1.5kF .
We observe the same behavior as in Fig. 1 except that the amplitude of the oscillation
is now much smaller for larger values of the magnetic ﬁeld than the corresponding values
in Fig. 1. In this case we have two instability regions in the range considered; the ﬁrst
for 0.69 ≤ 1/B ≤ 2.05 and the second for 3.43 ≤ 1/B ≤ 4.79. The number of instability
regions depends on the particular value of qdr. For qdr = 0.25kF the argument of the
cosine term increases from 0 to a value over π/2 but less than π and thus it becomes
negative for values over π/2, while for qdr = 1.5kF it increases from 0 to 4π and thus there
are two regions in which the cosine term becomes negative, from π/2 to 3π/2 and 5π/2
to 7π/2.
Figure 3. Plot of the lower mode ω− as a function of 1/B for qdr = 1.5kF .
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